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Spectral Accuracy

Let Sy f(z) denote the Fourier projection of a 27 periodic function:

Snflx) = X f(k)e*

[k|<N
A 1 . |
flk) = o [ flaye s
Then we know (Tadmor, Acta Numerica 2007)

e The error depends only on the global smoothness of f(z)

1
[Snf(x) = flx)] < HfHCsNS_l
Where ||f||cs = max <, [ £ | 1o
e The Fourier coefficients decay fast
. 1
k) <A s
F6) < Al
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Spectral Accuracy

For functions in Gevrey class GG,

(s1)°

[ flles ~
We have
¢ 1
Sy f(x) = f(z)] < ANem@t)®
°

A

k) ~ et
In particular if o« =1, f(z) is analytic and
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Spectral Accuracy - the General Case

Consider an orthonormal family {V;(x)}, under a scalar product (-, -).
Denote

falz) = S (f, ) U(x)

k=0

We have spectral accuracy if

°
1

Ns—l

1 — fall < Allflles

(.0 ~ 1l

In particular for an analytic function fy converges exponentially to f.

e Examples are Chebyshev and Legendre polynomials, also general Jacoby poly-
nomials.
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Gibbs Phenomenon

If the solutions are discontinuous (Shock), we have the Gibbs Phenomenon.

15 R

f(x)

05

Remark :
The order of accuracy for the high order schemes are reduced to O(1)
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Computer Tomography

We have to recover a density function f(z,y) from its Radon Transform p(r,0),

p(r,0) = /_OZO /_ozo f(x,y)0(z cos() + ysin(d) — r) dx dy

The Slice Theorem:

plp,0) = f(pcosb, psin)
where
e p is the Fourier Transform (in r) of p,

e [ is the two dimensional Fourier Transform of f.
The DFM

p—p—f—Ff
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Figure 12: The Shepp-Logan phantom.

The domain {—1 <r <1, 0 < < 7} is discretized using a 512 x 256
grid, and the corresponding line integrals p(r, #) are computed by using the
trapezoidal rule with 2048 points along each line.
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Figure 17: Shepp-Logan, N =512, m; =19, my =13, a=5, 8 =2, ly-error=0.0384.
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Figure 18: Shepp-Logan, N =512, m; =19, mg =13, a =35, B = 2, l2-error=0.0005.
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Voo CALCUTTA

cylinder H, shown in fig. 24 in end view. [t can turn about its axis,
being supported on knife-edges O. To it springs are attached at the
prolongation of a horizontal diameter; to the left a series

Michelson of 5 small springs 3, all alike, side by side at equal in-
‘.I ol tervals at a distance a from the axis of the knife-edges;
l.lb':: to the right a single spring S at distance b. These springs

are supposed to follow ooke's law. If the elongation

rond the natural length of a spring is A, the force asserted by
it is p=kX. Let for the position of equilibrium /, L be respectively
the elongation of a small and the large spring, &, K their constants,

then
nkla=KLb.

The position now obtained will be called the normal one. Now let
the top ends C of the small springs be raised through distances
#. ¥a---¥n- Then the body will turn; B will move down

through a distance £ and A up through a distance gc. The new
forces thus introduced will be in equilibrium if
ak ( Zy“ngs ) '=bKaz.

Or . ®
.s___—-—EJB-Kd 5 ——zr(a+ )

-mptay ngtL)- :
This shows that the displacement = of B is, frpppmanal to the sum
of the displacements y of the tops of the small springs. The arrange-
ment can therefore be used for the addition of a number of displace-
ments. The instrument made has eighty small springs, and _the
aathors state that from the experience gained there‘ is no impossibility
of increasi their number
£ FC even to a - thousand. The
e displacement z, which neces-
- s 5 sarily must be small, can be
T enlarged. by aid of a lever
OT". To regulate the dis-
Elacements v of the ints
(fig. 24) "each spring is
C, ful-

attached to a lever

crum E.  To this again a
long rod FG is fixed aid
of a joint at F. The lower

.end of this rod rests on

another lever GP, fulcrum
N, at a changeable distance
¥"=NG from N. The elon-
gation ¥y of any spring 5 can
thus be produced by a motion
of P. If P be raised through
a distance. »’, then the dis-
placement ¥ of C will be pro-
portional to y'y*; it is, say,
FiG. 24. equal to uy'y" where u is the
. -y ” same for springs. Now
let the points C, and with it thesprings s, :l:olfvers. &c., be numbered
Cs, Ci, Cs . . . There will be a zero-position for the points P all in a
m.iﬁ:' horizontal line. When in this position the points C will
aleo in a line, and this we take as axis of x.. On it the points

Ja-'

Cy, Cs . . . follow at equal distances, say each equal to k. e
t Ca lies at the distance kk which gives the x of this point.
now that the rods FG are all set at unit distance NG from

N, and that the points P be raised so as to form points in a continuous
mJ' = @(x), then the points C will lie in a curve y = ue(x). ' The
area of this curve is 2L

' ,.f:'¢ (dz.

Approximately this equals Zhy=khZy.
g )

o [z =ty ~2ks,

where 5 is the di?laﬁement of the point B which can be measured.
The curve ":1? x) may be supﬁooed cut out as'a templet. By
putting this under the points P the area of the curve is thus deter-
—the instrument is a simple integrator. )
The inte 1 can be made more general by varyin
NG =y, hese can be set to form another curve ¥ = f(x).
now ymuy'y” =uf(x)$(x), and get as before
» . G
Sr@ewan=dty
These integrals are obtained by the addition of ordinates, and
therefore by an approximate method. But the. ordinates are
mamerous, there b-e‘ngg of them, and the results are in consequence
accurate. The displacement z of B is small, but it can be
magnified by taking the reading of a point T’ on the' lever AB.
The actual reading i1s done at point T connected with T by a lo
wvertical rod. At {‘ either a scale can be placed or a drawing-board,
on which a pen at T marks the displacement. .

Hence we have -

the distances
We have

g81

If the points G are set so that the distances NG on the different

levers are proportional to the terms of a wumerical series

ot tuzt L, L
and il all P be moved through the same distance, then z will be
proportional to the sum of this series up to 8o terms. We get an
Addition Machine.

The use of the machine can, however, be still further extended.
Let a templet with a curve ' =@(£) be set under cach point P at
right angles to the axis of x hence paraliel to the plane of the figure.
Let these templets form sections of a continuous surface, then each
section parallel to the axis of x will form a curve like the old ' = &(x),
but with a variable parameter £, or ¥ =&(£, ). For each value of £
the displacement of T will give the integral

Y= [f@eena=F®, . . . (1

where Y equals the displacement of T to some scale dependent on
the constants of the instrument.

If the whole block of templets be now pushed under the points P
and if the drawing-board be moved at the same rate, then the pen T
will draw the curve ¥ = F(f). The instrument now is an integraph
giving the value of a definite integral as function of a variable
parameler. °

Having thus shown how the lever with its springs can be made
to serve a variety of purposes, we return to the description of the
actual instrument constructed. The machine serves first of all to
sum up a series of harmonic motions or to draw the curve

Y =a, cos x+ay cos 2x+aacos 3x+ . . (2)

The motion of the points P,P; . . . is here made harmonic
aid of a series of excentric disks arranged so that for one revolution
of the first the other disks complete 2, d;. . « . revolutions. They
are all driven by. one handle. These disks take the place of the
templets described before. Tkhe distances NG are made equal to
the amplitudes ai, a1, 81, . . . The drawing-board, moved forward
by the turring of the handle, now receives a curve of which (2) is
the equation. If all excentrics are turned through a right angle a
sine-series can be added up. ; 7

It is a remarkable fact that the same machine can be used as a
harmonic analyser of a given curve. Let the curve to be analysed
be set off along the levers NG so that in the old notation it is

¥* =f(x), :
whilst the curves ¥ =¢(x£) are replaced by the excentrics, hence £
by the angle 8 through which the first excentric is turned, so that
ya=cos kf. But kk=x and nh=w, n being the number of springs s,
and x taking the place of ¢. This makes

ke = ;—'a.x.

'Hence our instrument draws a curve which gives the integral (1) in

the form
¥ _Ef:f(:)cm (;—‘3: dx _
asa function of 8. But this integral becomes the coefficient am in the
cosine expansion if we make i
Onfx =m or 6§ =mx|n. R - el
The ordinates of the curve at the values fm=xfn, 2x/n . . . give
therefore all' coefficients up to m= The curve shows at.a glance
which and how many of tﬁe coefficients are of importance. |
The instrument is described in Phkid. Mag., vol. xlvi, T898. A
number of curves drawn by it are .g:'v'en.'anﬁ'alao-emmplu of the
analysis of curves for which the coefficients am are known. These
indicate that a remarkable accuracy is obtained. 2 (0. H)
CALCUTTA, the capital of British ;India aud also.of the

province of Bengal. . It is situated-in 22° 34" N. and/88° 24" E.,
on the left or east bank of the Hugli, about 8o.m. from the sea.
Including its suburbs it .covers an.area of 27,267 acres, and
contains a population (1gor1) of 949,144. Calcutta and Bombay
have long contested the position of the premier city. of India in
population and trade; .but during the decade 1891—1g9ox the
prevalence of plague in Bombay gave a considerable advantage
to Calcutta, which was comparatively free. from that disease.
Calcutta lies only some 20 ft. above sea-level, and extends about
6 m. along the Hugli, and is bounded elsewhere by, the Circular
Canal and the Salt Lakes, and by sub_l_:rh_e‘_s which form separate
municipalities. Fort William stands in its centre.

~ Public Buildings.—Though Calcutta was called by Macaulay
“the city of palaces,” its modern ,publie.. buildings cannot

compare with those of Bombay. . Its  chief. glory .is. the ’
Maidan or park, which is large enough to.embrace .the arPa
a

of Fort William and a racecourse, Many monuments find

place on the Maidan, among them being modern equestrian
statues of Lord Roberts and Lord Lansdowne, which face one
another on each side -of the Red Road, where. the rank and
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NATURE.

[Ocroser 6, 1898

" LETTERS TO THE EDITOR
[The Editor does not hold himself responsible for opinions ex-
pressed By Ais correspondents. Neither canm ke undertake
to returm, or fo corvespond with the writers of, rejected
manuscripls fntended for this or any other part of NATURE.
No notice is faken of anorymous communications.) .

. Undercurrents in the Strait of Bab-cl-Mandeb.

AN interesting observation has recently been made by one of |*

H. M. surveying vessels, and I forward the Preface to the ace
count of the details published by the Hydrographic Department,
which contains. the principal facts, and also the Analysis of the
bhservations, both of which may be of interest to some of your
readers. W. ! L. WHARTON.
Hydrographic Dep y, Whitehall
London, S.W., September z7.

UNDERCURRENTS IN THE STRAIT OF BAB-EL-MANDEE.

Tt has long been known that in the Bosporus and Dardanelles
when the surface water sets sr.ron?ly from the Black Sea to the
Mediterranean, the lower strata of the water for a certain height
from the bottom sets strogly in the opgaos'llc direction.

While in this instance it is probable that the many. large
rivers which discharge their waters into the Black Sea have a

A deiral

Analysis of Tidal Streams observed in the Ia.rgx Strait

| offer a chance
i1d

S e
siderably altes
Usborne Moore in the English and Faeroe Channels, seemed.to
of more success.
and C der Gedge, ¢ ing I1.M. sur-
wveying ship Stork, was therefore dirtcted to endeavour to get
further observations in Bab-cl-Mandeb by means of this instru-
ment, and has admirably and most successfully carried them out.
© On January 19, 1808, the Storé was anchored in 118
fathoms about seven miles S.W. by W. from Perim Island, and
temained constantly observing, during daylight, for four days,-
when the of the cable brought the series to a close.
Had not the wind been unusnally light, varying from force 3 to

d

d by Li 3 Pilsbury, U.S.N., and con-

6, it is probable that the observations could not have been con-

tinued so long. .

The observations are appended (in publication quoted), but
the broad result may be briefly stated.

There was a permanent current on the surface setting into the
Red Sea of about 1§ knots per hour. ;

There was at !nglfathoms-depth a permanent current setting
outwards of probably the same velocity. 2

The tidal stream was about 1} knots at its maximum, and
flowed for about twelve hours each way, as might be expected
from the fact that in this locality there is practically only one
tide in the day.

of Bab-el-Mandeb by H.M.S. Stork in_January 1598.

red after a series of experiments by Captain *

Timeaf tide At surface. At 5 fms. At 25 fms. At 5o fms. At 75 fms. At 105 fms.
at K g T
Direction. | Rate. | Direction. | Rate. | Direction. | Rate. | Direction. | Rate. | Direction. | Rate. | Direction. | Rate.
High water ... [N.W. 3 W.| 23 [N.W.byW.| 33 | NW. | 3 Slack | — = o oy R
1h. after . ... [NNW. 3 W.| 2 N.yw. | 31 —_ — | S.by E. Variable | — —_ -
2 gy e N.W. 2: N.W. 4 N.W. 2 ':wb[.,w i —_ — —_ j —
3 . o NW.3W.| 2l [N.W.byN.| 3 — | = [NWbyN| i | NNW.| - -
: : . W.

4 » - N.W. 2 [N.W.byN.| 2} Ni‘lw. 2 N.W. 13 N. 3 E. 1 S. by W. 3
S we | MW | 13 [N.byW.hyz — | = | nNE, INbyERE| 2 [Ssbtyw. | 1
8 v Thwewl i NwaEN3 waw) 3 EwS PINOSER] § | som i
7 e [NWAW] N.W. 3 |NNW. | 3| Wes | 1 — — |s.E. 35| 1

. | WoONLWL S.W. 3 W. 4 -— — South 13 |SE.byE) 11 [SS.E.4E| 3

o o lwNw W.N.W. } Slack. | — |['SSE | 1.| SE 1 [GSE.3E| z
10, .. | NNW. N.W. E. hE.N 3 — — |S.S.E. %E. 13 ES.E. 1
1M, .. | North N.N.W. i S. 3 S.E. 1 E.byS. | 2% — -
IZ 5y e N.W. N. by E. i —- — - = e e S 25k
13 4 e |NOW.DbYN. 1 —_ — |N.W.byN.| % — f—_ E.S.E. 2z |S.E.byE.| 12
share in producing the surface current, the observations by which This tidal stteam p;cniils :.Tb.e bottom, with \':niar.iam'nri
the und was led d to.plinly indicate that h

the surface drift, caused by the generally prevailing N.E. wind
heaping the water up in the south-westem part of the Black Sea,
was the main factor.

The somewhat similar conditions which
of Bab-el-Mandeb offered h ppeor ity of observation on’

this i g form of ic ci and for many years
observations have been a desideratum. e

In this strait for nearly hall the year a more or less strong

easterly wind prevails, driving much water before it into the

- and, as is the evaporation from the surface

of that sea, which must be made up wholly by an inflow of

water through the strait of Bab-el-Mandeb, ittappeawd on the

occur in the strait

£

P -

about 75 fath is the dividing line between the
two pemmanent currents, but it would require a longer series of
observations to determine this point with any precision.

——
—_— ~

(  Fourier's Series.
Ix all expositions of Fourier 5 Seriesiwhich have come to my

notice, it is expressly stated that the series can represent &
discontinuous function. '

“The idea that a real discontinuity can -replace a sum of con-
tinuous curves is 5o utterly at variance with the physicists’ notions

whole probable that during this season the p of the
Dardanelles would d

The observation is, however, difficult. The water is deep,
over 100 fathoms; the sea generally heavy ; there is a tidal’

of quantity; that it scems to me to be worth while giving a very

current to complicale matters; and it seemed h
the somewhat crude a us which served to unravel: the
movement of the lower strata in the shallower and smoother.
Dardanelles would give good results in this locality. t .

. Nevertheless, Captain W. Usborne Moore was directed to
sttempt it in H.M.S. Penguin in 1890, but the results, while
showing that the under strata were not rm:lnim: with t!be surface,

I Y t of the problem in such simple form that
the mathematicians can at once point to the inconsistency if
any there be. - *

Consider the series

A

y=2lsinz-jsinza+ isinge- .

In the lang of the text-books (Byerly's ** Fourier's Series
and Spherical Harmonics ") this series ** coincides with y=x from
x=-wtox=x... Moreover the series in addition to the

of the locus . . . gives the isolated points

were two ambiguous to afford much d fi infor

The possession,  however, of a deep-sca current” meter,
NO. 1510, VOL. 58]

(= = 0} (=, ) (3 O), &e”
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NATURE 545

Uﬁtain&eﬂmwh“nwam'fcﬂhn.l

emitting the [aior 3,
-y=uine+ Jain2a+ Jsingo+ +:-.:hm+...

This beries incecascs with womtil we = v, Suppose, theelore,
. .;5. where & B4 & soall fraction.  The series will now be

oearly equal 1o tw, a finfte quant i .
Hence the vn;:e:l’} l: melmmdisurumﬂ:tul:r.u“; =wis
fot an lsoliied point ¥ = 0, bul & Mraight lne = ¥ = wr,
obtuaiond by differentistion, whick gives

z-mr-mut:ﬂ}s-. ..
parting o = v + « (his btcomes
'%‘Ml‘l‘dﬂﬂ‘fﬁﬂ}l*ﬁ..-#ﬂlm#

whlkhh.l;nuﬂ; equal |§¢nhlhh:‘u{:w lest than dw,

t s difficult to sec the meaning of the tangent if

Ty o oo By o S
nity . yﬂ:ﬂ Laboratory,

Helium in the Aimosphere.

C. FrizmAspex asd 11, Ka; ha chaimed
o R Foont Bl B e e O i
the ram of neon | have identified six

whis establishes beyond

1LLIAY Rasoy,
ks W, TRAVERS.

, Loadon,
Gowerraireet, W.C., September 28,

Chance or Vitaliam ?

1 au to see that Prof, Karl Pearson has called attention
DM._E:Ip‘uﬁmaaM Omly that ooe does not like
to oriticie advengly & presidestial address, 1 would at the time
bave polated oot Ihe weaknews in l.beug‘::uncht Prof.
Pearon criticises, He does not o nearly w 13::-&%
as igchts and

ikl mm A,

heavens may be a sofficiont camse for & right- o
structere in an organism growing under its influcnce,

E Gro,
Trinity College, Dublin, Scptember 27.

Ix his pecsidential address to Section B of the Iritish As-
= Prof. the nooessd; i

Pearton, in Natier

however ble, will vecur, if suflicient opportunily be

allowed. the vast ages of the carth's

May we not,  invoke chance 1o deal with masses ine

stead of molecoler, and thas sulmtitore weoks for ages ?

Let us pder a piution, in oors of mmd

I omteoquntly optionity lascien £ the iow cripention of

uent ve. In 1 eva

the solvent, the right- and feft-handed naclel, aboat which the

will swesd be disteibated.

velatance lises,

Their number will be extremely small in com;
of the molecules, and, as chance determines their divtribativn,
ul: tnlu: hmdygm‘ ::e:.l H&ﬁrﬂa u:’hut_m
the ¢y L1 (]
place and & partial re-solution, roughly i the lines of the diss
riletion of the two varictics of cryua not wery improlalile
eveni—and we have an optically sctive solotion.  Chance has

hete acted organised
T e e by

crystals,
U K yet pomsibie 10 demy that the fiew ascestor of bvvor
up from an avymmetric
separated in some yuch way as the above, by the
play of chance upon the nataral wotking of symmetric foree?
Crenesy 0. BanTrUM.
17 Denaiag Read, Hampstead, N.W., September 24

The Moon's Course.

Mav I refer Sie S, Wilks to the simple and besatifully
writien aul of Fi F.R.S., sl
g Kl B o

"Sw‘mriwl"tkmﬁbeml 43) ** it appeared

the moon roand

warmant. It i3 eoeceded
quite

NO. 1510, voL. 58]
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Fouriers Series.

o

- . IN all expositions of Fourier's seriesswhich have come to my
" notice, it is expressly stated that the series can represent a
discontinuous function. )

“The idea that a real discontinuity can.replace a sum of con-
tinuous curves is so utterly at variance with the physicists’ notions
. of quantity, that it seems to me to be worth while giving a very
. elementary statement of the problem in such simple form that
the mathematicians can at once point to the inconsistency if
any there be. = ¢« :

Consider the series

j:_z[sinx'—&sin2x+§sin3x-_ S

In the language of the text-books (Byerly’s *‘ F ourier’s Series
and Spherical Harmonics ) this series “coincides with y=x from
x=-wtox==... Moreover the series in addition to the
continuous portions of the locus . . . gives the isolated points
(- =, o) (x, 0) (37, 0), &e.” '

»
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NATURE 569

LETTERS TO THE EDITOR

(The Editor does not holii Aimself responsible for opinions ex.
pressed by his correspondents.  Neither cam he sndertake
fo return, or lo correspond with the writers of, rejected
RARUSCTINS (ntended for this or any other part of NATURE.

o motice is taken of anonymious comimunicalions. ]

Tl-u Aurora Borealis of September o.

I HAVE read, with much interest, in NATURE of September
15, the article concerning the aurora borealis of September g,
and it may be of interest to your readers to know that this

- Aurora -borealss.
: e 95 5ept/598. .

beautiful phenomenon displayed its splendours the same evening
in all'parts of Finland territory.
On that day [ had the good fortune to see it in Helsingfors,

from its earliest beginning to its end, jn a_clear, perectly

but very bright streamers in all directions, especially-to the
east.  This latter formation was surrounded by quite black
spaces of sky, which made the luminous phenomena look more
beautiful. 3

Meanwhile, in the northern part of the sky, the aurora took
the shape of ever-changing columns, and long, sometimes spiral
and undulating bands, which twice, in the north-west and in the
nor;lh-east, doubled, resembling curtains hanging one over the
other.

A little after eleven I saw in the north a very strange form-
ation of aurora ; three vertical columns in their upper part were
crossed by a bright horizontal streamer, extending nearly from

north-west to north-east.

Soon after 11.30 the aurora began to
vanish everywhere, and, in a very marked
manner, took more and more the aspect of
some luminous shapeless cloud. After 12

- o'clock all traces orf:olumns and streamers
disappeared, and at 1 o'clock nothing
more of the phenomenon was to be seen.

N. KAULBARS.

Helsingfors, Sept: 2
i
Fourier’s Series, )
I a letter to NATCRE of October 6,
Prof. Michelson, referring to the
that a Fourier's s.eriosJ can represent a
o . i

that a real discontinuity can replace a sum
of continuaus curves™ as “ utterly at vari-
ance with the physicists’ notions of quan-
tity.” If, as this seems to imply, there are
physicists who hold * notions of quantity "
pposed 1o the h ical result that
L the sum of an infinile series of continuous
functions may itself be discontimuous, they would be likely to profit
by some standard treatise dealing with the theory of
infini sach, for example, as Hobson’s * Trigonometry,”
and the prper by Sir G. Stokes quoted on p. 251 of that work.
Prof. Michel

cloudless sky, and a calm and transparent air. These
conditions enabled me to sketch the principal movements of it,
and I send you herewith a copy of the drawing I made.

The aurora was not only one of the most splendid that has
been seen, but also that has appsared in our latitude for a long
series of years. It began a little before g o'clock, and at 10
arrived at its maximum brilliancy, a state in which it, ever
changing, remained till 11 o'clock, display-
ing the whole time an'exceedingly beautiful
brightness in all its parts.

The display began with a very bright
arc in theé north, but this very soon disap-

ed, while at the same moment exceed-
wngly brilliant streamers extended at once
up from the western and eastern horizons,
sending immense columns to the zenith,
and taking the shape of a colossal arc
arching the whole sky from horizon to
horizon, Masses of light flowed from both
sides to the zenith, where they seemed to
disappear. At 10 o'clock the great arc
was interrupted on both sides by a dark
ion, the bright sireamers remaining
only on opposite horizons; but in the
same moment a corona of the highest
splendour appeared in the zenith, consist-
ing of three nearly parallel streamers,
stretching from west to east, and ending
wards the west in the dark space, and
towards the east in a beautiful fan of light.
Half an_hour later the corona 100k the

shape of an immense dome, the rils and columns of which |

stood around all parts of the horizon. The whole visible sky
at that moment presented one single enormous dome of in-
describable beauty, The brightest columns of this dome were
to the west and to the east, those to the north were much less
bright, and the columns to the south were scarcely visible.
From every part of this dome streamers of light, without
interruption, flowed up to the zenith.

At 11 o'clock, when the dome "suddenly disappeared, the
corona took the shape of a luminous spiral-ring, sending short
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3 on takes a particular case. He appears to find
a difficulty in the result that the sum of the seri e

.y =z2sinx - ysinzr + sin3x - ; I PArSs.
is equal to'x when' x lies between — = and ¥, is equal to
= 2x + x*when x lies between = and 3+, and 50 on, and further
is equal to zero when x is = x, or , or 3m, and s0 on. -

With the view of stating his difficulty simply, he has tried to
sum this series, and the series obtained from it by differentiating
its terms, for values of x of the form x + ¢, where it appears to
be meant that e is positive and less than 2. )

The series (thus obtained) for y and dy/dx are given by the
eqllﬂlloﬂ$

— 4y =sine +isinze + §sin e + ... +.-[-sinm+ s
n

—Q:;: =cos€ + cos52¢ 4 cos3e + ... Fcosme +

ibes ** the idea.
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~ Of the first series Prof. Michelson says: “* This series in-
creases with m until ne = x.  Suppose therefore « = du/i,
where £ is a small fraction. The series will now be nearly
€qual to me = 4, a finite guantity even if n = oo,

~** Hence the value of y in the immediate vicinity of x = » is
not an isolated point y = o, but a straight line -y =nx." .

* Of the second series he says that it ** is nearly equal to x fo
values of re less than 4x."” :

Neither of these statements is correct. The sum of the first
series can be proved to be 4 (x —¢) when e lies between 0 and
2x, and =4(r + ¢) when ¢ lies between 0 and — 2x, and it is
zero when ¢ = 0. The sum of » terms of the second series does
pot approach to any definite limit, as  is increased indefinitely ;
nor does the difference betweén the sum of this secend series to
# terms and the number # tend to zero or any finite limit, but
the ratio of the sum to » terms and the number » tends to
the definite limit zero as # is increased indefinitely.

The employed are invalid. It is not the case
that the sum of an infinite series is the same as the sum of
its first » terms, however great = is taken. It is not legiti-
mate to sum an infinite series by stopping at some convenient
ath term. It is not legiti to- eval an expression for
4 particulsr valueof x, e.5. = ¥, by putting x = = + ¢ and

passing to a-limit ;' to do 50 is to assume that the expression |’
. - : o0

P a " It is not legitimate to equate
- the differential coefficient of the sum of an infinite series to the
sam of the differential cosfficients of its terms; in particular
the series given as represenliog dy/dx in the example is not
£ . ;

- l:;f:l’m& Michélson says * it is difficult to see the mean-
ing of the tangent if y were an isolated point.” The tangent,
at a point, to a curve, representing a function, has of course no
meaning, unless the function has a differential coefficient, for
the value ding to the point; and a function which
has a diﬂ‘emn‘g coefficient, for any value of a variable, is
i in the neighbourhood of that value.

5t. John's College, Cambridge, A.E. H. Love.
: October 7. 7 .

Helium in the Atmosphere.

THE letter of Mr.« Baly in iwwe of last week, corro-
borating the statement of Fnem:lq sad Kayser that heliom
is a i of the i phere, me to put on
record a further confirmation of the accumey of this observation.’

Possibly the lightning was- too .far off, and the aperture loo
small.

Inview ofthei ¢ of oblaini definite information’

about lightning, 1 would suggest that in the presence of 3

thunderstorm photographs similar to the above should be taken,

Greater accuracy than was possible under the above conditions

could be attained by rigging up the fol:owiinz simple contrivance.
di bed ¥ 1

n ¥ lool gl ou placed on a table
in front of an open window fascing the storm. The mirror should
be inclined at any angle of 45°. The camera tripod, with its

legs spread as wide apart as possible, should be on the
;ﬁe g;al.hzt its centre is over the lo&king-gl-ss. The camera,
with its objective d rds, should be ded from this

centre by means of three strings, and should be made to swing
in a circle by a gentle finger pressure close to the point of
suspension. The period of revolution should be noted. ~ Should
any multiple Hash imprint itself on the negative, it will now be
possible to acc Iy the intervals of time, except

under the following conditions. * If there are only two flashes,
the radius of the circle described by the camera can -only be
guessed at.  If the camera has described an ellipse,at least four
lightning images are ired_to find its el ts. A camera

revolving on an axi: passing through the objective would in
g be more

Having had the opportunity, oo June 20 last, of ing
samples of the more volatile portions from liquid air, which had
been handed to me by Prof. Dewar, I had no difficulty in
secing the lines of helium in them. Further, a sample of the
helivm separated by Prof. Dewar from Bath gas (following the
discovery of Lord Rayleigh) undoubtedly contained the sub-
stanc® called neon.

In %evlnz these facts I am only confirming the observations of
Prof. Dewar given to me in letters accompanying the samples
of WiLLIAM CRrOOKES. -

ber 11.

Triplet Lightning Flash,

AT the ion of Lord Kelvin, I send you the enclosed
photograph DFI triplet lightning flash which was taken during
& recent thunderstorm at Whitby, and under the following.
conditions. .

The flash mast have been about two miles distant (out at sea).
The focus of the camera lens was 8 inches ; the aperture, ff6g;
the plate, Ilford Empress. Thie camers was not stationary, bat
was &urmdy oscillated by hand. It was intended that its axis
should describe a circular cone, but from the photograph the path
appears to have beea rather elliptical. Each revolution occu-
pied about 1/80 minute. From U rough data I estimate that
the three flashes followed each other with a frequency of about
30 to 35 per second. They are identical in shape, but the top
part of the lowest (left-hand) one is missing, and the bottom is
screened.  On the negative the centre flach is rather weaker
than the other two. Each flash is sharply defined on the left
edge and somewhat hazy on the right edge, due probably to the
gradual cooling of the glowing gases, and showing that the
lowest (left-hand) flash is the first of the three. The photo-
graphi also contains a faint image of a single flash. During this
thunderstorm two other plates were exposed under the same
conditions as the above, but no images were found on them.

NO. 1511, VOL. 58]

some to work with, but unless it is
revolved byclock-work the timeé measurements would fiot be trusi..
worthy. The aperture used by me, /64, is probably too small
except for very brilliant -flashes ; but if it is intended to allow
several discharges to imprint themselves on vne negative, a very
large’aperture will be found inconvenicng of the illumin-
ation of the landsca The size of ce, rapidity of
plate, and distance of each lightning flash be noted to
assist at forming some idea as to r.henﬁen generated.

' : C. E. STrOMEYER.
Lancefield, West Didsbury, October 3 .

The Centipede-Whale, L

TAHE “*Scolopendrous Millipede,” which forms-the subject for

e epifn of Theodoridas and Aunti and to which Mr.
W. F. Sinclair kindly called my attention (NATURE, vol. Ivi,
P- 470), seems to mean a being quite different from the * Centi-
pede-Whale ™ which /Elian and Kaibara describe (see my letter,
15id., p. 445); for the former apparently points to a huge
skeleton of some marine animal, while the latter is an erroneous
but vivid portrait of an animal actively swimming with numerous
fins. .

Major R. G. Macpregor, in his tramslation of the Greek
Anthology (1864, p. 265), ks upon the **Scol pend
Millipede ™ that the ** word millipede must be understood rather
in teference to the extreme length of the monster than to the
number of its feet.” However, it would appear more likel
that, in this similitude of the animal remains to the Myriapod,
;he numle:;:; articulations of the vertebral colummn as well as i;'.
ength played a principal part, should we take for comparison the
{oﬁi(wing descﬁ‘;tion P:l.' :: analogous case from n-GbEl:m work
(Li Shih, Suh:poh-wuh-chi,” written thirteenth century, Jap
ed., 1683, tom. x. fol. 6, &):—* Lj Mien, a high officer (nintl
century), during his stay in Pien.Chau, came in passessiol
of ene joint of a monstrous bone, capable of the use as ink
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(Fourier’s Series. _‘:\ ’
IN a letter to NATUEE of October 6,

Prof. Michelson, referring to the statement
that a Fourier’s series can represent a
discontinuous function, describes ¢ the idea.
that a real discontinuity can replace a sum
of continuous curves ™ as *“ utterly at vari-
ance with the physicists’ notions of quan-
tity.” I, as this seems to imply, there are
physicists who hold *“ notions of quantity "

d to the math ical result- that

33 A - - .
the sum of an infinite series of continuous

functions may itself be discontinuous, they would be likely to profit
' some standard treatise dealing with the theory: of
infinite , such, for example, as Hobson's *“ Trigonometry,”
and the paper by Sir G. Stokes quoted on p. 251 of that work."
Prof. Rlchelspn takes a particular case. He appears to find
a difficulty in the result that the sum of the series e

vy =2[sinx = }si'nzx + §sin3x - } Ry
is equal to' x when' x lies ‘befween — x and ‘¥, 'is equal to
— 2x + x*when x lies between » and 3=, and so on, and further
is equal to zero when x is -, or x, or 3, and so on. -

S, St Neso: i Coed

With the view of stating his difficulty simply, he has tried to
sum this series, and the series obtained from it by differentiating
its terms, for values of x of the form = + ¢, where it appears 1o
be meant that e is positive and less than 2. 3 L

The series (thus obtained) for y and dy/dx are given by the
equations A

~— 4y =sine +1sinze + §sin3e + ... + Lsinme + ..,
n

- g?-=cose +cos2e 4 cos3e + ... +cosme + .,
X N s

570

NAT

' Of the first series Prof. Michelson says: “ This series in-
creases with # until 7€ = x.  Suppose therefore ¢ = tx/n,
where £ is'a small fraction. The series will now be nearly
equal to me = Z, a finite quantity even if m = oo,
" *“ Hence the value of y in the immediate vicinity of x = x is
not an isolated point y = 0, but a straight line —y = nr.” .
" Of the second series he says that it  is nearly equal to # for
values of me less than &x.” [ .
Neithier of these statements is correct. The sum of the first
series can be proved to be § (x —¢) when e lies between o and
27, and —§(x + ¢) when ¢ lies between 0 and —2x, and it ic
zero when € = 0. e sum of # terms of the sccond series does.
Dot approach to any definite limit, as » is increased indefinitely ;
nor does the difference betweén the sum of this secend series to
7 terms and the number . tend to zero or any finite limit, but
the ratio of the sum to # terms and the number 7 tends to
the definite limit zero as » is increased indefinitely. ]
' The processes employed are invalid. It is not the case
that the sum of an infinite series is the same as the sum of
its first s terms, however great = is taken. It is not legiti-
mate to sum an infinite series by stopping at some convenient
nth term. It is not legitimate to. evaluate an expression for
a particular value-of-x, 2.6, x = x, by putting x = x + ¢ and

passing to a-limit ; to do so is to assume that the expression |’

represents a coatinuous function. * It isnot legitimate to equate
the differential coefficient of the sum of an infinite seﬁsel% the
sum of .the differential cosfficicnts of its terms; in particular
the series given as representiog dy/dx in the example is not
con' L. s :

. » Prof. Michelson says it is difficult to see the mean. |

ing of the tangent if y were an isolated point.” The tangent,
at 2 point, to a curve, representing a function, has of course no
meaning, unless the function has a differential coefficient, for.,
the value corresponding to the point; and a function which
has a differential coefhcient, for any value of a variable, is
continuous in the neighbourhood of that value,
St. John's College, Cambridge,
d October 7. .

A.E H Love. |

[ T S S
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C - LETTERS TO THEEDITOR.

LThe Editor does not hold himself s ible for opimions ex-
pressed by his correspondents. Neither can he undertake
to return, or to correspond with- the writers of, rejected
manuseripls intended for this or any other part of NATURE.
Neo notice is taken of anonymaus fcations.)

: Fourier's Series.
IN reply to Mr. Ebve‘rrmnkﬁ'—ﬂf_‘ru RE of October 13, 1
would say that in the series

y=sinx 4 sinze+ . .. + —'—[—sin[u-—l}x+~:-sinﬂ-\',
n-= N

in which ixin nx is the last term considered, x must be taken

smaller than =/» in order to find the values of yin the immediate
vicinity of x = 0. .
. If it is inadmissible to stop at **any convenient ath term,”
it is quite as illogical to stop at the iy ient "

to x=x." There isno * curve ™ in the problem. Curves oce,
in the solution of the problem, and there they occur by “r
of illustration. There are two sorts of curves which occur, ]:
the first place, taking ¢ (x) as the function to be expressed
the series, and f (x) as the sum of the series, we have the Clrvey
¥ =¢(x) and y= f(x), the graphs &f the two functions. These
ide wh the series sses the function ; but, if he
function ¢{x) is one which cannot ' be expressed by a Fourier's
series forall values of x in the. interval, the curves do nor en.
incide throughout the interval. In the second place, takj
JSalx) as the sum of the first = terms of the series, we have the
family of curves y = fi(x), the graphs of fi(x) for differen;
values of 7. As n increases the graphs of f(x) and f,(x) s
h to coincidence ifi the sense that, if any garticnlar vain,
of x is taken, and nng small distance & is specified, a number
n' may then be specified such that for every n greater than ",
the difference of the ordinates of the two curves is less than 4,

But this js,n‘ot the same thing as uyiﬁ.that the curves tend .

value x/n. ALRERT A. MICHELSON.
The University of Chicago Ryerson Physical Laboratory,
Chicago, December 1.

‘ 1 sHOULD like to add a few words conceming the subject of
Prof. Michelson’s letter in NATURE of October 6. In the only
reply which I have seen (Narure, October 13), the point of
view of Prof. Michelson is hardly considered.

Let us write f(x) for the sum of the first s fterms of the
seties

sinx - }sin2x + §sin 35 — | sin 4= + &e.
I suppose that there is no question concerning the form of (he
curve defined by any equation of the form
T 7 = 2fuz).

Let us call such a curve C,. As, » increases without limit,
the curve approaches a limiting form, which may be thus
described. t a point move from the origin in a straight line
at an angle of 457 with the axis of X to the point (v, »), thence
vertically in a straight line to the point (¥, = x), thence obliquely
in a straight line to the point (3 », ), &¢. The broken line
thus described (continued indefinitely forwards and backwards)
is the ﬁmili.:E form of the curve as the number of terms
increases indehnitely. That is, if any small distance 4 be first
specified, a number »’ may be then specified, such that for
every value of m greater t n', the distance of any point
in C, from the broken line, and of an int in the broken line

fmnc..winbelmlhutbe:geu‘ ce d. -
Buﬁlor;?u limiting line is not the same as that expressed by the
equal

> = limit - 2fu(=).

The vertical portions of the broken line described above are
wanting in the locus expressed by this equation, except the
points hich they intersect the axis of X. The process indi-
cated last equation is virtually to consider the intersections
of G, with fixed vertical transversals, and seck the limiting
positions when # is increased without limit. It is not surprising
that this process does not give the vertical portions of the limit-
ing carve. If we should consider the intersections of C, with
horizontal transversals, and seek the limits which they approach
whul)li:‘inaused indefinitely, we should ohtain the vertical
portions of the limiting curve as well as the oblique portions.

It should be observed that if we take the :quationpn

¥ = 2fyx),
and proceed to the limit for # = o0, we do not necessarily get
y =oforx=x. We may getthat ratio by first setting x =,
and then passing to the limit. Wemayalsoget y=1,r =,
by first setting y = 1, and then passing to the limit. Now the
limit represented by the equation of the broken line described
above is not a special or partial limit ing solely to some
special method of ing to the limit, but it is the complete
limit. embracing all sets of values of x and y which can be
btained by any p of passing to the limit.

$ -+ J- WiLLarp GiBBs.
.New Haven, Conn., November 29.

FOURIBR'S serics arises in the attempt to express, by an in-
finite series of sines (and cosines) of pml;ifl_g of x, g function
of x which bas given values in' an .int sy fromx="-»
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to £ ically, and the not in fact lie near
cach other in the neighbourhood of a finite disconti ity of
Q{x)}.b’-'ltism:tl.t?iﬁ ;hu‘ dency to discontinuity of
/() by noting the form of the¥curve y = £,(x) for large value
of 7, but the shape of this curve always fails to give an indi.
cation of the sum of the series for the particular values of x for
which ¢{x) and /(x] are discontinnoos. This is the case in
the example cited by Prof. Willard Gibbs, where all particular
values between —x and = are equally indicated by the curve
¥ = ful=), but the sum of thé series is precisely zero,
ay I point out that there is some ambiguity in the ex-
W_ﬂﬁﬂﬂ ““the limiting form of the curve™ used by Prof,
illard Gibbs ?* Taking his example, it is quite true that a’
can be taken so great that, for every n greater than n’, there is
2 point of C, within the given distance & of any point on the
broken line, but this- statement. is not quite complete. It is
also true that a number 7 can be taken great enough to bring
the point of C, on any assigned ordinate within the given dis-
tance d of its wltimale position on the broken line, but it is
further menmlbt: observe ‘that no nnmbet; n Chln be taken
great enough to bring cvery point of C, within the given dis
tance & of its ultimate position on the broken line. & number
n which succeeds for any one ordinate always fails for some
other ordinate. Suppose, to fix ideas, that we take a point oa
G, for which » = 1, and xisnearly , so that x - xis less than
d, and keeping x fixed, observe how y changes when m increases ;
it will be found that, for values of m very much greater than
n, the ordinate of C,,, for this x is very nearly =, and we can
in fact take m great gh to make this ordi lie b r
and x — . In words, the representative point, which begins by
nearly coinciding with a point on a vertical part of the brokenline,
creeps along the line, and ends by coinciding with a point on the
oblique part of the broken line, ~ This will be the case for every
value of x, near x = w, with the single exception of the value r.
Thus, in the passage to the limit, every point near the vertjcal
part of the broken line disappears from the graph, except the
points on the axis of x. This peculiarity is always ted
a series whose sum is discontinuous; in the nngh‘»urhood of
the discontinuity the series does not converge uniformly, or the
snﬂ_ph of the sum of the first m terms is always appreciably
ifferent from the graph of the limit of the sum._
In this way the graph of the sum of the first  terms fails 10
dicate the beh of the fancti P d by the limit of
ion b the lw:;_

this sum, and we may ill the disti
as Prof. Willard Gibbs does, by considering the i ions
the graph ‘with lines parallel to the axis of x. Keeping y fixed,
say y = 1, we may find, in his example, & number n, so that
there isa ing value of x differing from = by less than
d, and then, allowing » to increase indefinitely, we shall get s
series of valoes of x, baving = as Iimiliw_ value. But this himit-
g value is mof atfained. In Prof. Willard Gibbs's notatios)
the equation 2/, (x) = 1 has a root near to » when = is great,
and » can be taken so great that the root differs from = by lest
than any assigned fi ; but the i

limit zfi(x)=1
Z =
Bas no real root. In fact Prof. Willard Gibbe's * limiting form
of the curve ponds to limits which'are not attained; bet
the limiting form in which the vertical portions of the broken
lie -are replaced by the points where they cut the- axis of £

cofresponds to Iimh?l'; which are effectively attained. It is the
R B S T P €.t .
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v velocity of the carth_inducior, is all
the absolute measure of the resistance,
since we know by caleolation the coctficient of mutual indue-

tion between the primary and dary of the transf s
‘The méthed has some advaniages. ﬁ'l'mnluc of the carth's
be ‘Therme-carrents make

i
i
2
E

thermo-¢
w:rr- The same coils would be wied for determining both

caleulat the co-
l:nl‘wh ilml-m. Moedificat on q-ILI
readily soppest themselves nstance, two sels of sue
nd‘::‘hhncc, and the movable coils
acting both as secondary and as the movable coil of a Kelvin
3 REGINALD A. FESSEXDRM.
Westera University of Fennsylvania, April 3.

Fourier's Scriecs.

I swouin hke to correct a careless error which [ made
(Naruke, December 29, 1598) in describing the limiting form
of the family of curves repecsented by the equation

y=2{sing = juinax . . . ﬂ:iﬁ-.j v nw AT}

ana line consivting of alternate inclined and vertical por-
tions. inclined ions were correctly given, but the
wertical portions, which are bisected by the ax X, extend
beyond the points where they mect the inclined portions, their
total leagths being expressed by foar times the definite integral

f".“.’.”‘h,
w “w
1 we call this combination of inclined and vertical lines C,
and the of equation (1) C,,, amd if any finite distance o be
ificd, and we take for o any nomber greater than 100/, the
nee of every point in C. from C is less than o, and the

distance of ever int in C from C, is also kis than st We
may therefore the limit {or limiting form) of the sequence
of curves of which C., is the general ion, *

Bhar this limiting fnﬂﬂdlﬁ of the functions ex

of the funct .
imit of that sum. ﬁme . e

x P A Jater the wventieal
portions are wanting, except their midd 2
I think this distinction jm, 3 fur {with exception of what
relates 1o my wnfortunate blunder described abave), whatever
differences of opinion have boen expressed on thin subject seem
whae, for ihe most part, to the fact that some writers have had in
mind the iwil of the graphs, and others the prapd of the it
of the sum. A misarderstanding on this point is a natural con.
sequence of the wage which allows us ta omit the word fwi? in
certain conmect as when we speak of the sum of an iofinite
series. I terms thus abbrevinted, cither of the things which [
have t b distinguith oay be called the graph of the sum
! J- Witrarn Gines,

by the sum (1) is differeot from o
pressed the limi

Kew Haven, Apail 12,
Tasmanian Firesticks.
WuiLs preparing for a second edition of the ** Abarigines of
, I received from Mr, Jas. Backhouse Walker, of
Hobart, two scparate accounts of firc-making by the aborigines,

tinder ; (2} fire drill and socket ; (3] stick and groove. At fimg
ible that a race so Jow in culture coald
have known and usced theee such a

position might cocur, for some neighbouring wibes in Aust

are known to have st least two methods  As regards the Tay.
manians, we may, I think, leave out of consideration the fim
process, as both Furneaux and La Billarditre seem to have mis.
taken so-called fint implements :I'n(di:e fints.  We may also

phied 1 ravtworthy, We are
thes left with the two of fire-drill {in the Pitt-KRivers
- :mlo;:m, oy by D AT and Paot Johnkb:h%mh'
a n cClor
with Melviies descripiion and with A. 11, Davics: desertiaes,
When Melville pa his V. I, Almanac in 1833, he gave
a short account of the al ines, bat to fre-making he made
no reference at all ; when wrote his *° Present State of
Australia ™ (mosily an scconnt of Tawnania), printed in Loedos

in 1850, he the drill method of ing fire as having
Sog in TSas i the T Jouri of Sy says B b i
Wt in T n 1 aimr, fewrs. & w "tine
formed ™ thay :Ee Tasmanians Jumd.' Gre by e d

the drilllpnuﬂ.
But this statement, on hoarmay, was ‘Hﬂ':h';? alter 1he

imes had been d.eru«! to Flinders (lSy].m
after they bad long been familiar with Australian aborigines im-
into Tasmania ; %0 thal, although his statements may in

Y Soppirt,
his satement is the fitst one descri the drill
process as being a nian method., Melville's account ap-
pears 1o me to be taken from Dawies. Mil knew nothing
of ithe incs until 1847, when he was put 10 charge of them
after their return from nders Island, and a1
a time when it was not that, in close proximity o
European settlements, they h«minm fire
by mative methods. Althoogh we are muoch i wl’!i!ﬁ»
for the vocabularies, on the other bard there s consider
carclessness in his tramslation of the native sentences, amd

it is well known he was not interested in his

Hence his peesentation to Bamard Davies of a fae
drill as & ian instrument does not prove the diill to
have been Tasmanian. Robinson, in spite of his intimate

inlercourse with the aborigines, and his voluminous reports on
his doings while capturing the wrclched remnants, has lefl os
such a ively of information concemming
them, that | have for & Long thme past come Lo the conclosion
that he bscrvard man, an opinion largely con-
firmed by bis presemation 1o Barnard Davies of ground
Aunstralian stone § enis as Tasmanian, but the real wi
of which was settled as Awstralian by Prof. ’?-!m‘. paper on |

jeet eead at the Oxford meeting of the Britivh Aswciavion,
As Robinson was afierwards Protector of Al ines in Vietoria,
it is not at all enlikely that be confesed hiss ard callal
them Tasmanian inuead of Australian, On the other hand, we
have circumstantial accounts of stick and groove frc-making
apparates by two scttlers, well advanced in a3, who carry us
back to the part of the centary when the natives were stilk
roaming about the country before o were wholly robbed of
it, and to a time when lhﬂ had been litthe in 1ouch with
Australians or Furopeans, ther there were two methods of

which differ materially from those already known. The
come fetin two old colonists, Mr. Rayner and Mr. Cotton,
and describe fire as Leing oblained by means of the stick and
ﬂm:m Mr. Rayner's account runs thus: *' A piece of
flar wood was obtained, and a groove was M-lh:fulflrmh
in the centre. Another picceof wood about a foot in length,
with a point like a blort chisel, was worked with neasly light-
ming 3 up and down the groove il it ca in a flame,
As 000 as the stick hi in a blaze, a plece of burnt fungus,
or punk, a3 L iy generally termcd, itrhi:h wonld
il.thﬂ.hu mn: :: lg’i'%me h bgzlm}{{
. e t AL with g
=id, was hard. the other soft. The blacks in Aumstralin per
fire by the same mtthod. 1 have scen that dome. I think it
almost impossible for a white man o do t, for 1 have seen it
tried, and always prove a failore.”  Cotton's accoant agress in
the main with We are thus in postesdon of actounts
of three distinet methods of fre production, viz. 1 (1) fint and

NO. 1539, VOL. 59]

doction used the matk or the stick and groove wWas
the ;ﬂlLre ~ s 1k Lixg Roin.
Halifax, England, April 13

WIRELESS TELEGRAPHY.

ALTHOUGH at the present moment there is not a
R single mmtrci;l Iim;l( the &talIl:d *'Tfﬁ:
telegraphy at work, and probably not a single peany
et D aarmad by those exploiting it, the one pend
shares of the Company have quoted at six pounis.
and perhaps more. At the same time the sharcs of many
of the Submarine Cable Companies have fallen consider
ably owing to the lar delusion that wireless tele-
graphy is going to displace wires, Thus a popular scare
—the outcome of ignorance—has appreciated the ““‘:
property and depreciated the other to the value of abau
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Lb!!L‘l’b 70 THE'EDITOR.

Tﬁe Editor does not hold himself responsible for opinions ex-
pressed by his correspondents. Neither can he undertake
to return, or to correspond with- the writers of, rejected
mamucnpf.r intended for this or any other part of NATURE.'
No notice is taken of anonymom‘ cbmrnumcatwn:.] _

. -‘ *

Fourier’s Series,

IN reply to Mr. Love'sremarks-in—-NATURE of October 13, I
would say that in the series

y=smx+§sm2x+ Sow s _.I._I 'am(n—l)x-!- -smmr,
- ”n

m whtch —~ sin 7x is the last term considered, x must be taken
: 7"

smaller than x/7 in order to find the values of y in the immediate
vicinity of x = o.

If it is inadmissible to stop -at ‘“any convenient nth term,”
it is quite as illogical to_ stop at the equally ‘‘convenient ”
value x/n. ALRERT A. MICHELSON.

The University of Chicago Ryerson Physical Laboratory,

Chicago, Decembcr 1.
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I SsHOULD like to add a few words concerning the subject of
Prof. Michelson’s letter in NATURE of October 6. In the only
reply which I have seen (NATURE, October 13), the point of
view of Prof. Michelson is hardly. considered.

Let us write fy(x) for the sum of the first » !terms of the
series

sinx — % sin 2x + §sin 3x — §sin 4x + &c.

I suppose that there is no question concerning the form of the
curve defined by any equation of the form

. ¥ = 2fa(x).

Let us call such a curve C,. As n increases without limit,
the curve approaches a limiting form, which may bLe thus
described. - Leta point move from the origin in a straight line
at an angle of 45° with the axis of X to the point (x, ), thence
vertically in a straight line to the point (», = x), thence obliquely
in a straight line to the point (3 w, ¥}, &2. The broken line
thus described (continued indefinitely forwards and backwards)
is the limiti:g form of the curve as the number of terms
increases indefinitely. That is, if any small distance 4 be first
specified, a number n’ may be then specified, such that for
every value of » greater than ', the distance of any point
in C, from the broken line, and of an int in the broken line
from C,, will be less than the s ﬁ«{ istance d., -

Bat this limiting line is not the same as that expressed by the
equation

» = limit 2fn(x).
n=wx

The vertical portions of the broken line described above are
wanting in the locus expressed by this equation, except the
points ﬁbich they intessect the axis of X. The process indi-
cated ih the last equation is virtually to consider the intersections
of C, with fixed vertical transversals, and seek the. limiting
positions when 7 is increased without limit. It is not surprising
that this process does not give the vertical portions of the limit-
ing curve. If we should consider the intersections of C, with
horizontal transversals, and seek the limits which they approach
when 7 is increased indefinitely, we should obtain ﬁ:e vertical
portions of the limiting curve as well as the oblique portions.

It should be observed that if we take the equation

7 = 2/u(=),
and proceed to the limit for » = o0, we do not necessarily get
y =0forx=x. We may get:that ratio by first setting x = =,
and then passing to the limit. We mayalsoget y=1,x=m,
by first setting y = 1, and then passing to the limit. Now the
limit represented by the equation of the broken line described
above is not a special or partial limit relating solely to some
ial method of passing to the limit, but it is the complete

Imit. embracing all sets of values of x and y which can be
obtained by any process of passing to the limit.

£ ' . - J. WiLLARD GIBBs.

. New Haven, Conn., November 29.

——
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May I point out that there is some ambiguity in the ex.
“the limiting form' of the curve” used by Prof,

illard Gibbs ? Taking his example, it is quite true that a’
can be taken so great that, for every m greater than »’, there is
a point of C, within the given distance d of any point on the
broken line, bat this. statement. is not quite complete. It is
also true that 2 number 7 can be taken great enough to bei
the point of C, on any assigved ordinate within the given dis-
tance o of its ultimate position on the broken line, but it is
further mentialbt: observe ‘that n? E:mbeﬂ: " c;n be taken
great enough to bring int o within the given dis-
tance & of its ultimate posxl:if:lon the broken line. 'I'E:number
n which succeeds for any one ordinate always fails for some
other ordi Suppose, to fix ideas, that we take a point on
G, for which y = 1, and xisnearly «, so that = - xis less than
d, and keeping x fixed, observe how y changes when s increases ;
it will be found that, for values of m very much greater than
n, the ordinate of Ca, for this x is very nearly «, and we can
in fact take # great enough to make this ordinate lie between r
and » — 4. In words, the representative point, which begins by
nearly coinciding with a point on a vertical part of the brokenline,
creeps along the line, and ends by coinciding with a point on the
oblique part of the broken line, This wiltie the case for every
value of x, near ¥ = =, with the single exception of the value r.
Thus, in the to the limit, every point near the vertical
part of the broken line disa from the graph, except the
points on the axis of x. This peculiarity is always nted by
a series whose sum is discontinuous; in the nﬂghﬁfm«s of
the discontinuity the series does not converge uniformly, or the
snﬂ‘ph of the sum of the first m terms is always appreciably

ifferent from the graph of the limit of the sum.

In this way the graph of the sum of the first n terms fails to
indicate the behavionr of the fanction by the limit of
this sum, and we may illustrate the distinction between the two,
as Prof. Willard Gibbs does, by considering the intersections of
the graph with Hnﬂﬁlllcl'm the axis of . Keeping y fixed,
sy y = I, we may , in his example, & number n, 50 |

isa ing value of x differing from' x by less than
d, and then, allowing » to increase indefinitely, we shall gets
series of valoes of x, having « as limiting value. But this limit-
ig value is mof affaimed. In Prol. Willard Gibbs's notation,
the equation 2/, (x) = 1 has a root near to » when = is grest,
and » can be taken so t that the root differs from = by le®
than any assigned fraction ; but the equation

limit 2fulx) =1

bas no real root, In fact Prof. Willard Gibbs’s * limiting form
of the curve ™ corresponds to limits which'are not attained ; b®t
the limiting form in which the vertical of the broken
line-are replaced by the points where they cut the: mais of =
coresponds to limits which are effectively attained. It is 19

DECEMBER :29, 1898 L NAT

latter limiting. form, and not the former, which is

the sam of the Eduris;-_’s' series. | ,ﬂ'..“.fh,'.‘_:h s the graph of
- The mattér here discussed is ' perhaps that referred t
Prof. l-!mhclson in N.&Tuam.of _o.—:ﬁfw.?ﬁ but I did not u:dzif
stand his letter so.  In regard to his present cominunication, I
agree ‘with him if he means that it is just as necessary, in
tracing the part of the curve C, near the vertical part of the
broken line, to take a particular value of 7, as it is to keep =
wnh_m'a nAarrow range of values corresponding to n. But this
admission is not equivalent to admitting that an infinite series
may be summed by stopping at any particular term. Rather it
confirms the conclusion, explained above, that the graph of the
sum of th¢ infinite series contains no vertical line,

December 22, ) A. E. H. Love.
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to x=x." There isno *‘ curve” in the problem. = Curves occur
in the solution of the problem, and there they occur by y,

of illustration. There are two sorts of curves which occur.

the first place, taking ¢ (x) as the function to be expressed
the series, and f (x) as the sum of the series, we have the Curves
Yy =¢(x)and y= f(x), the graphs of the two functions.. These
coincide wherever the series expresses the function ; but, if the
function ¢(x) is one which cannot’be expressed by a Fourier's
series for.all values of x in the, interval, the cuives do not cq,
incide throughout the interval. In the second place, takin

Ja(x) as the sum of the first 7z terms of the series, we have the
family of curves y = /f\(x), the graphs of f,(x) for differen
values of #. As 7 increases the graphs of f(x) and £,(x) ap-
proach to coincidence i the sense that, if any particular valie
of x is taken, and any small distance & is specified, a number
7n’ may then be specified such that for every n greater than n,
the difference of the ordinates of the two curves is less than d.

In

But this is not the same thing as saying that the curves tend .

to coincide® geometrically, and they do-mnot in fact lie near

each other in the neighbourhood of a- finite discontinuity of
¢(x). ‘Itis usual to illustrate the tendency to discontinuity of
/ (x) by noting the form of theJcurve y = f,(x) for large values
of 7, but the shape of this curve always fails to give an indi.
cation of the sum of the series for the particular values of x for
which ¢(x) and f(x)are discontinuoas. This is the case in
the example cited by Prof. Willard Gibbs, where all particular
values between —» and = are equally indicated by the curve
7 =/a(x), but the sum of the series is precisely zero. ™
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Fourier's Seniea.

i.'HI ummilr H‘keh::r mug;llnl uﬁk#l:i::ﬂfh::ihb*l n{::h
ATURKE, December 29, ) n deseri t miting form
of the family of cusves represented by the equation

y=2(sinx - ysinar . . . *Eﬁ": AR /|

ata ﬂ%&m consisting of altermate inclined and vertical por-
tions. ﬂwm were correcily given, but the
vertical portions, are bisected by the axis of X, extend
beyond the points where they meet the inclined prrtiont, 1heir
votal kengths being expressed by four times the definite integral

I “sinn,
e L
Jﬁ““ﬁﬂmﬁ:ﬂ hcdlhr-rd l.n;li:t i‘l‘ﬂli:ﬂ] lines C,
the gra oquation (1) G, and il any finite distance o be
kdfudn take for # any number :u:lnthn 100/, the
wtance of every point in C, from C is less than o, and 1he
distarce HMJEdm in C from C, is also less than o We
may therefore call C the limit {or limiting form) of the sequence
of curves of which C,, is the general dn?;uuinn .

But this limiting form of 1ke graphs of the functions
by the sum (1) s different fram of the funciion ex.
pressed by the limit of that sum. In the laiter the vertical
portions are wanting, except their middle points.

1 think this distinction |I'mﬂl.l.l: ; fur {with exception of what
rchites 1o my enfortunate Blumder deseribod above), whatever
differences of opinion have been expressed on this sulifect seem
due, for the most part, to the fact 1hat some writers have had in
mind the fimit of the 1, and others the graph of ihe Nuwit
of the sum. A misanderstanding on this point is a natoral con-
soiquence of the wage which allows us o omit the word Han'?f in
cerlain conhections, as when we speak of the sum of an infnhe
sevic.  In terma thus abbreviated, cither of the things which [
have soaght to disinguith may be called the graph of the sum
of the infinite series Jo WiLrazrn Ginms,

New Haven, April 12,
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being caused to move in a larger orbit than that de-
scribed by it while still a part of the sun’s mass,” and
the auzhor suggests the action of comets carrying off
portions of the nebulous border of a sun, as they struck
1t in the direction of its motion at a suitable moment.

‘The fifth and last article, in the results of which Dr.
Smith expresses confidence other than he shows in respect
of his earlier excursions into heterodox and quasi-
heterodox physics, is devoted to “the laws of river-
flow.” Residence on the banks of the Mississippi
enabled him to discover the formula of a double spiral
action, by which to explain the elevation of the middle
of a stream, the drift of floating material from the sides
and of sunken material to the sides, the shape and
depth of the eroded channels, the different eed of
diverse portions of the current. This piece olPa: any
rate unborrowed speculation appears not unworthy of
consideration. H. W. B.
Das [Heidelberger Schloss nnd Seine Gdrien in alter

:mdneu:r.?a: wund der S 2 Sck

Jung and W. Schroder. Pp. 74. (BerTm :

G Schm-dt 1898.)
IN this work we have an historical account of the gardens
and castles of Heidelberg—the famous German university
town, and its less well-known neighbour Schwetzingen.
The authors are both gardeners, and, although the book
is written chiefly from a garden pomt of view, a good
deal of spacé is iven to purely historical matter.
Judging from the photographs, the gardens at Schwet-
zingen seem to be far more beautiful and natural than
those of Heidelberg, where grottoes, shrines, and various
other architectural devices, appear to be the leading
features, and not always ornamental ones either. To
those interested in the history of very old and famous
gardens, this treatise may be of use ; and it will not take
up much space on the library shelf, being only about a
uarter of an inch in thnﬂmess It is well printed and

ill and is pr lly free from misprints ; the
only one of any importance being at p. 47, where Azalea
appears as Aralea. Were it not that there is a genus
Aralsa, this slip would not be worth mention.

JOHN WEATHERS.

Graduated Test papers in El Matkermnatiy By
‘Walter J. Wood, Pp. 71. (iondon : Macmillan
and Co,, Ltd,, 18

THERE are forty t:st-papcrs in this collection, each con-
¢, Euclid, and algebra. At

the heaa of elch test are notes stating the parts of the
Th

LEITERS TO THE EDITOR.

[ The Editor does mot hold Aimself responsidle for opinions ex-
pressed by Ais correspondenis. Neither can ke wundertake
fo refurn, or fo corvespond with the wrilers of, rejected
manuscripls intended for this or any other part of NATURE.
No notice is taken of anomymows communications.]

Fourier's Series.

I HaveE M. Poincaré’s authority to publish the accompanying
note regnrdmg the applicability of Fourier’s series to discon-
tinuous functions, and send it ncmxdangly for publication in
NATURE. NF:C:KEL!ON.

Mo~ cHER CoLLiGUE,—Comme je I'avais prévenu vous avez,
tout 4 fait raison, Prenons d’abord Iintegrale 'Mn",

dont la limite pour ¥ =0 est=/4, 0, — /4 selon que = est pomtif,
nul ol: néguk!l

Fai endre simultané EVErs o et y Vers
l'mﬁm dc telle rag.m que zy tende vers a. La limite sera

f"'"_‘d.r qui peut prendre toutes les valeurs possibles depuis
o jusqu’a f sinx,,,
Si nous prenons maintenant s termes dans la série x’"‘.‘"

en faisant tendre simultanément s vers ¢ et m vers l'infini de

telle fagon que le produit #s tende vers a, cela sera évidem-

ment la m&me chose ; et la différence entre la mme et integ-

rale sera d’autant plus petite que = scm %lu petit.  Cela sc voit
:

aisément. H
POINCARE.

A Note upon Phosphorescent Earthworms.

IT has been long known that earthworms may be phosphor-
escent, So long ago as 1836 Prof. Dugds described, under
the name of Lamdricws phosp & worm which showed this
peculiarity. In 1887 Prof. Giard hc:-ed that a worm prob-
ably identical with this, and, if so, at all, was
marked luminous, ew ly wheu lhe loll was disturbed in the
vicinity. Giard named the species Photodrifus {inphﬂu:.
It has been met with and noticed to be luminous two other
observers. Quite recently (st‘q.jahrluchr.m. 99, p- 216)
Dr. Michaelsen, of Hamb ascertained that this species of
Giard is really identical mt Microscolex modestus of Rosa.
The multiplication of names is hardly the fault of Prof. Giard,
since the §=nus Microscolex bad only been instituted a few
months before his genus Phofodridus. This species, unlike the
majority of its congeners, which are c‘l:iel‘!]u= congregated in
Patagonia, and there very abundaat, is not only Eurcopean, but
also occurs in England. "It secems also to be, at least usually,

Ehnsphmescent. I received some
of Mr. Carlet Rea, a few small earthworms from

subjects required in order to solve the e
apers are prlman!ﬂ intended to test the progress of
students preparing themselves for the examination in first
stage mathematics of the Department of Science and
Art, and Departmental teachers will find them of real
value for that purpose. In the lower mathematical forms
of secondary schools, also, the papers should be of ser-
vice, as many of the questions have been selected from
the papers of Fubhc examining bodies mostly favoured
by such school Care aj pears to have been taken in
selecung and arrangmg t que_umns, and answers are
given to all the questions in arithmetic and algebra.

The Story of the Britisk Race. Ijo‘m Munro. Pp.242.
(London : George Newnes, Ltd., 18gg.)

SoME _time ago Mr. Munro wrote “The Story of |

Electricity ¥ for this library of useful stories. In this
volume he transfers his a to the i of
an:hrclflo%{ and expresses in his preface the hope that
hi ¥ tend to destroy some errors regardin the

origin and ped of the nation which have infected life
E‘hmmzure Eor ages.” The volume should be the

means of creating an interest in the study of mankind, i
addition to |mpart|n¥ a knowledge of the nature of ﬁle
races in the British Islands.

NO. 1542, VOL. 60]

the igh hood of W y Wl
Microscolex, and at least not much different from A, meodestus.
Mr. Rea informed me that they were p'hoiphormem. with a
“‘light emitted exactly similar to that of glow-worm."
They could be stimulated to show this Ilght by “ll.lll'lpln‘ lhe
lawn.” It has been sugges that th
carthworms is really di ic b d in
the sllme upon the lkiu. thly such an expl.anumn may
the of Allolobophora
Soetida (lhe “¢ Brandling "), observed by Vejdovsky. But the
regularity, and the mode of excitation, of the luminosity seems
to show that Microscolex is phosphorescent in its own right.
FrANK E. BEDDARD.

ON THE CHEMICAL CLASSIFICATION OF
THE STARS2

IN the attempts made to classify the stars by means

of their spectra, from Rutherford’s time to quite
recently, the various criteria selected were necessarily
for the most part of unknown or:fln with the exception
of hydrogen, calcium, iron, and carbon, in the main
chemical origins could not be assigned with certainty to
solc.B;_;S-r Hnr-ln Lockyer, K.C.B., F.R.5. A paper read at the Royal

ety
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LEITERS TO THE EDITOR.

(Z%e Editor does not hold himself responsible for opinions ex-
pressed by his correspondents. Neither can he undertake
to return, or to corrvespond with the writers of, rejected
manuscripls intended for this or any other part of NATURE.
No notice is taken of anonymous communications.)

Fourier's Series.
I HAVE M. Poincaré’s authority to publish the accompanying
note regarding the applicability of Fourier’s series to discon-

tinuous functions, and send it accordingly for publication in
NATURE. A. A. MICHELSON, .

Mo~ cHER COLLEGUE,—Comme je I'avais prévenu vous avez,
tout a fait raison. Prenons d’abord I’integrale f i smxxx dx,
o :

dont la limite pour y =00 est /4, 0, — /4 selon que s est positif,

nul ou négatif.
Faisons maintenant tendre simultanément s vers o et y vers

Pinfini de telle fagon que zy tende vers a. La limite sera

“SINX ;¢ qui peut prendre toutes les valeurs possibles depuis
o * |

0 jusqu’a f' Sin—xdx.
o X

Si nous prenons maintenant n termes dans la série 330 i
P

en faisant tendre simultanément z vers ¢ et # vers linfini de
telle facon que le produit 7z tende vers a, cela sera évidem-
ment la méme chose ; et la différence entre la somme et I’integ-
rale sera d’autant plus petite que z sera glus petit. Cela se voit
aisément. Tout & vous,

(Signed) POINCARE.
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blood to the cells which is required.” In many places
. the sense is seriously interfered with by faulty punctu-
ation, and we note a rather plentiful crop of misprints,
especially towards the end of the book. Such are
“centre nervous system,” “tircuspid,” “vertebrz,” (for
“ yertebrata ), *“ cauda equinz,” *“ straining ” (for “stain-
ing”), *Weber-Feehner law,” “fenestra rotundis,”
(several times repeated), *“scala tampani,” “selerotic,”
“viteous humour.” Nor do we care for the form “oculi-
motor.” Itis to be hoped that a future edition will be

more carefully revised. The author has been fortunate |.

in securing the use of the well-known and admirable

figures from Quain’s ** Anatomy " and Schifer’s “ Essen-

tials of Histology.,” They add materially to the value
of the work.

The Dawn of Reason. By James Weir, jun., M.D. Pp.
xiii + 234. (New.York: The Macmillan Company,
London : Macmillan and Co., Ltd., 1899.)

TH1S book on the mental processes of animals is the

fruit of much original observation, and in many cases this

observation has been Supglememﬂi by experiment ; but,
unfortunately, all the author’s results are vitiated by his
uncritical and biased attitude in favour of an extreme
view of the mental life of animals, and there are few of
his facts which the comparative psychologist would be
justified in using without ample corroboration by other
observers. Instinct is regarded as the great bane of
psychology, and it almost seems as if the author believed

it to be a special invention of those whom he calls|

“ creationists.” He poses as an ardent evolutionist, but
is so blind to the most elementary principles of the
evolution of mind that when a water-louse frightens some
rhizopods, he can only conclude either that thelatter have
eyes and ears so small that lenses of the highest power
cannot make them visible, or that these creatures are the
g::sessors of senses utterly un} to and incapable of
ing appreciated by man. He makes observations on
spiders which show that they are differently affected 3
loud and soft vibrations of an organ—observations whi

do not even d rate the e of hearing—and
concludes that these animals. have attained a very high
d f mstheti ical discrimination. He has also

gree o

seen a spider “intentionally beautifying " its webwith flakes

of logwood, and he has watched rhizopods employing their
time ﬁlsimple amusement " resembling a game of tag.

Neve ess, among these extravagances, one meets

with observations which would be of distinct value and

i if one had fid in the observer.

The Arithmetic of Chemisi ¥. By John Waddell, B.Sc.
D.Se. Pp. viii + 133. (New York: The Macmillan
Company. London: Macmillan and Co., Ltd., 1899.)

THE volume does not differ essentially from other books

on chemical arithmetic. Every teacher has his own

method of presenting an arithmetical problem, which he
often feels impelled to share with others. The author’s
methods seem thoroughly sound and logical, and no ex-
ception can be taken to them. There is a good deal to

be said, too, for the %l:n oftmatiug the calculations on a

purely experi tal basis indep ly of theories ; but

it is not always advisable to hold to it too rigidly. A

good illustration is offered by the following example.
The author begins by showing that the combining

weight of oxygen taken as 8 is thoroughly satisfactory,
not only in its relation to hydrogen (1) in water, but to
carbon (6) in its two oxides. [t then becomes necessary
to explain that this number for oxygen does not fulfil the
expectations which it first raised, and that the formula
for water HO(g) must be discarded in favour of HyO(18),

“It is found that while by electrolysis of water all of the

ggﬂwn that is in the water is set free as a gas,and }

the water decomposed is hydrogen; on the other
hand, when sodium acts on water, only one-half as much
hydrogen is set free, that is gy of the weight of water

NO. 1544, VOL. 60]

acted upon.” It 1s questionable whether this explanauo
would carry conviction to the beginner. A plain dogmati
statement would surely serve the purpose better, until th:
student had advanced to a stage when he coald grasp th
whole question involved. The author has collected to
gether an llent set of ples from a variety o
sources, which should be useful to teachers in elementan
classes. J.B.C.

The Flora of Cheshire. By the late Lord de Table)

{Hon. ]. Byrne Leicester Warren), edited by Spence

Moore ; with a Biographical Notice of the Author by

Sir Mountstuart Grant Duff. Pp. cxiv + 399, with @

ortrait of the author and a map of the county

?London: Longmans, Green, and Co., 1899.)

THE manuscript of this “Flora,” we are told, was com:
pleted a quarter of a century ago. Those who knew the
sensitive, retiring disposition of the late Lord de Tabiey
will not be surprised that he laid it aside as not ready fot
press ; nor will they be surprised at the excellence of
what was done. There is little beyond an enumeration
of the plants of the county, but made with extreme care
and with conscientious acknowledgment of doubts and
difficulties in dealing with critical plants.

Two classes of vegetation seem particularly to have
attracted the author's notice, and both in a decidedly
historical aspect. The one class is that of the alien
plants, whose spread from ballast-heaps, &c., is traced ;
the other is the shore vegetation of a coast which has
been much chm%cﬂd both by man and by tidal denuda-
tion. There probably exists no * Flora” of any county
in Britain which approaches it in i in either respect,
unless it be that of Middlesex by Trimen and Thisel-
ton-Dyer, published in 1869 at the time when Lord de
Tabley was at work on what has just been printed.

To the matter which was Eut into his hands, the editor
has wisely added enough to bring the work into line with
our t knowledge of Cheshire botany. The bio-

notice in its want of facts is a little disappoint-
g ; and the attempt to give, each plant a binomial
English name leads one to a curious and not altogether
happy result. These, however, are small matllcul:l B

LETTERS TO THE EDITOK. )
(The Editor does mot hold kimself responsible for opimioms #x+
pressed by hiv corvespondents. Neither cam ke undertabe
fo returm, or to correspond with the writers of, rejected
mansscripts intended for this or any other part of NATURR.

No notice is taken of anonymons communications,)

Fourier's Series,

THE statement of Fourier's theorem for the special case
which has intermittently for some months ¢st been a subject
of discussion in NATURE, is as follows :—The function whose
value is §(¥ — x), when x lies between o and x, and - j{w +.2),

when x lies between oand - =, can be expressed by the serien

3 "':_‘*‘ for values of = which lie between » and -,

-

The proof of the theorem, whether in this special case or in
more general cases, consists in summing the series; and the
result obtained in this special case is that the sum of the seriea i

(= x), when x lies between o and =,
- 4(x+x), when x lies between o and -,
° , when x=0.

Prof. Michelson has found a difficulty in this resalt in that,
whereas the sum of any number of terms of the series is a com-
tinuous function of x, the sum of the series is a discontinucus
function of £, If I have not mi him, he
that for extremely small positive values of x the sum of the seriea
should be rega as indeterminate and as having any valse
between o and §, and I understand him to s this cont
tention by the consideration that when  terms of the series are
taken, so that x being extremely small mx is finite, such ,an
indeterminateness is found. ;

Such a position involves a ption of the ing of
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NATURE 101

4 " gom infinite series.” When 41+ ... is the
o3 h:g:bd uniform functions of :r, the sam of the
serles for any value on!g.r is the limit of the sequence of numbers

3 of the sum of the series when x =0, is the result
*lh’d‘?’m summing the series for a finite value of x, and

‘whea smo isthe result obtained by /irs¢ substituting o for = in
the functions w,, 1y, ... and afferwards forming the ?itult of the
+ ¥y ... In the example in question, the re-

h of which = has the given |:
SEN ARG T ot - I ek of which e Lo e

nishing & without limit ; the sum of the series |

, Mwned are jwand o respectively. e E_esqlt_s_:;m_

1 ts and fully com-

dependent upon . y
puted. Thep?riangulstion is carried on with- eight-inch theo-
dolites reading, by mi i pes, to two d

The instructions to triangulators include the order that points
so as to best contral the area
under survey, and that ¢Aree points at least should be located on
cach atlas sheet of the map. Since these sheets differ in area
in different parts of the country, ranging from 1/16 of a square
degree to a square degree, the di: between triangulation
ehatioos = s i P

' After the primary triangulation points are located in an area,
d d, 1 Tl is h 4 "

£

%

F‘ix

by summing the seriés to # terms, i
Indefinitely, i ing 1 indefinitely and keeping sx finite,
erally do pot coincide either with the sum for x=o0 or with
limit of the sum for x=0, when these are different. Such
" sesalts may, as I have pointed out in a previous letter, be useful

:

upon the lute for the ¢ ¥
triangulation within that area, the control, both horizontal and
wvertical, is carried on by use of this instrument. If the surveyor
using a planctable for graphic work starts from accurately
located points with check point available, he very soon dis-
covers any *‘accumalation of error,” in that it is impossible to

* for purposes of illustration, but they are quite beside the mark
'h;‘w it bsa question ﬁﬂ‘s.:’of the!:{mmeg of Fourier’s theorem | make the several locations check one with another.
o of the sum of Fourier's series. : ‘'t In regard to the use of * " to exp
M. Poincaré, in his letter printed in NATURE for May 18, | relief, the *‘Commission of 1826 " seems to have drawn the

does Rot assert that the sum of the series can be obtained by kable conclusion that for scales less than 1 :10,000 this
allowing x to a| zero and # to increase at the same time, | system is insufficient. |

%+ In mich & way nx temains finite; but he states that Prof. |  The logical Survey publish pographic maps which
Michelson Is perfectly right in contending that the result of this m in scale betweent : 9600 and I : 250,000 (1 inch to 800 feet

Is indeterminate. So far as [ am aware this contention
been called In question in the course of the discussion.
Oxford, May 19. A. E. H. Lovs.

i

Besscl's Functions,
‘THE remarks of “ C. G. K.” (p. 74) concerning the defects of
syle which are frequently observed in the writings of scientific
lead me to pointout & grammatical error which is creeping
Into mathematical literature. [ allude to the use of the incorrect
** Beasel Functions " in the place of ** Bessel's Functions.”
In certain cases the name of a person may be converted into
an adjective by the addition of an appropriate termination, of
which such words as Elisabethan and Fictorian are examples ;
but 10 use the name itself (which is a noun) as an adjective, isa

one of the most elementary rules of grammar.

the conversion of & proper noun into an adjective would

I inch to 4 miles about, respectively), and on these ma
the contour interval varies between § feet and 200 feet. The
expression of relief is, I think, in these cases satisfactory, at
lus:soﬁrasgiving infi ion is d; the

Ily when the i

artistic effect is wqrfood also, esp F I
features are large and the slopes steep, cliffs appearing as broad
heavy ]i;-les where differentiation vfthe individual contours is
ible.
bout 1890, the use of ial b was abandoned
by the Geological Survey, and trigonometric methods for obtain-
ing heights were ed. At the present time the primary
heights are det by #l‘it-lml[log, from which elevations
th the triangulation or by lines run
with_vertical dings and fully d “di
The use of the aneroid barometer is only allowed in inaccessible
areas between the known elevations, and must be frequently
hecked, i of the writer in widely -separated

be cumbrous or inelegant, the only correct mode of exg
s 1o use u'u!mm‘u case. If, therelore, we reject such an
Bessellian™ on the ground of its inelegance, we
muk use the phrase ** Bessel’s Functions,” that is functions of
Bessel. ~ The absurdity and incorrectness of the phrase ‘* Bessel
Functions™ s at once seen by comparing it with such phrases
s " Creen - bym:(@;n.” ** Love Elasticity,”
'.I‘I:.f cotrect use of the genitive case is a subject upon which
isa} has existed, Thus we find in the
Prayer Book the phrase ““For Jesus Christ His sake,” instead
of “ For Jesus Christ's sake.” The error arose from the fact
that the compilers of the Prayer Book were ignomant that the
's is not a conception of the pronoun Ads, butis the old Teutonjc
genitive which still exists in most German es.
Fledborough Hall, Holyport, May 28, A. B. BasseT.

“The Art of Topography,”
. lp your issue of March 23 (No. 1534, vol. lix.) appearsa
review of ** Reche sur les I ts, les Méthodes et le
dessin TW“’P:W"H" par le Colonel A. Laussedat,” signed by
“T. H. e review brought to my attention several points
of interest upon which I beg leave to comment.
ng ble instruments, the reviewer says * that
Americans’ use very : Tadg: ]
Of the Russian I have no knowledge, but this is
cetainly not true of the American,

The U.S. Geological Survey makes use of the planetable
‘o a greater extent than any and all other organisations in
A fully two hundred of these instre being con-

*. stantly in use. )

The instruments used are remarkable in simplicity and
efficiency, are reasonably light, portable and accurate. The
instruments are of &’ model designed by Mr. Willard D,
-Johnson, of the Survey, and are fully described on pages 79 to

‘ of Monagraph xxii. of the U.S. Geological Survey, entitled
. ** Manual of Topographic Methods,” 0)5:. Henry Gannett,
-, . This work also treats of the methods of mmgf(ishi topo-
| - 8raphic mapping by the Geological Survey. Mr. Gannett

ex; the use made of the planctable, and shows thatall work
118 controlled - by points, located by triangulation or other means

NO. 1544, VOL.-60]

 Ryses

The

regions in the United States, in obtaining differences of eleva-
tion with the aneroid, leads him to the conclusion that, as a
rule, the instrument fails to record differences as accurately
when carried from a higher to a lower region as it does when
the change of elevation is in the opposite direction. Also, that
an aneroid which has been used in a region of elevation of given
l'anse must be given time to accommodate itself, if it be required
to do good work in a region of er or less elevation than
that in which it has been used. principle construction
of the aneroid is such that it never can be acc an instru-
ment of precision ex within _well-defined limits, with
frequent mm%:nrisun with known elevations. The Surve}( has
in use several hundred id 1 bat no confi

| may be had in any one Gf them unless frequently checked, as
 stated. It will be seen that the methods now in use in America

agree more closely with those practised by the British Govern-
ment, at least so far as the Colonial surveys are concerned,

| than with any other of the European surveys. R H. C

The Heating of the Anti-Kathode in X-Ray Work.
SINCE the beginning of X-ray work the heating of the anti-
kathode has caused great difficulty, and with the introduction
of the Wehnelt interrupter it is even more important that this
should be prevented. In other words, we all along have had
more energy from the coil than could be utilised in the Crookes’
tube. Many workers like myself have tried to remedy this,

and various plans have been adopted ‘to keep the anti-kathode.

cool. It occurred to me that if we could get a piece of platinum,
fused into the glass tube itself, to act as the anti-kathode, and
ed opposite the kathode, this object might be attained.
uch a tube, after many attempts, has at last n made ; and
although the first experiments have only been successful in
making small tubes, others of a larger size are at present being
attempted. The advantage of this method will easily be seen,
because the heating of the piece of platinum can be prevented
by placing the whole tube'in a ﬂuig cooling mixture or other-
wise. These tubes are difficult to make at present, but I
Ppossess one which has retained its vacuum for some weeks,
" 179 Bath Street, Glasgow, May. 28, J- MacinTvie,
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LETTERS TO THE EDITOK.

[The Editor does mot hold himself responsible for ape'uﬁm' -
pressed by Ais corvespomdents. Neither can ke undertabe
to return, or to corvespond with the writers of,
manuscripls smiended for this or any other part of NATURR.
No notice is takem of anomymous communications.)

Fourier's Series.
THE statement of Fourier’s theorem for the special case

which has intermittently for some months past been a subject
of discussion in NATURE, is as follows:—The function whose

value is §(* - x), when x lies between o and «, and - §{» + x),

when x lies between oand -, can be expressed by the serien |

b1

k=

The proof of the theorem, whether in this special case or in
more general cases, consists in summing the series; and the
result obtained in this special case is that the sum of the seriea Is.

(= — x), when x lies between o and =,
- 4(x +x), when x lies between 0 and -,
o ; when x=o0.

Prof. Michelson has found a difficulty in this result in that,
whereas the sum of any number of terms of the series is a con-
tinuous function of x, the sum of the series is a discontinuous
function of . If I have not misunderstood him, he contends
that for extremely small positive values of x the sum of the series
should be regarded as indeterminate and as having any valse
between o and 4, and I understand him to su this con:
tention by the consideration that when » terms of the series are
taken, so that x being extremely small mx is finite, such ,an
indeterminateness is found.

Such a position involves a misconception of the meaning of

sin &< for values of x which lie between x and -,

T,

- Juwé 1, 1899] iV
I.'hl "# of an inofinite series.” When #y+uy+ ... is the

serles, the terms being uniform functions of x, the sum of the
series for any value of x is the limit of the sequence of numbers
oy Wy Fug 9y Fuy+34, ... in each of which x has the given
14. 3"the limit of the sum of the series when x=o, is the result
obtained by ffirs# summing the series for a finite value of x, and
&flerwands diminishing x without limit ; the sum of the series
when x=0 is the result obtained by firs¢ substituting o for x in
the functions »,, y, ... and afferwards forming the limit of the

: My, %)+, .... In the example in question, the re-
W obtained are §= and o mpecgvely. e results that
g can obtained byﬂunming the seriés to # terms, diminishing
‘& Indefinitely, :ncrc_l:% # indefinitely and keeping »x finite,
rllly do not coincide either with the sum for x=0 or with
‘the limit of the sum for x=0, when these are different. Such
results may, as I have pointed out in a previous letter, be useful
P of mlnnmei :'on, l}uth they are qui}theside the mark

& quest ther of the statement of Fourier’s theorem
or of the sum of Fourier's series. . '
» Polncaré, in his letter printed in NATURE for May 18,
Rot assert that the sum of the series can be obtained by |
. xtoa h zero and » to increase at the same time,

& way that »r remains finite; but he states that Prof.:
lson Is perfectly righg;: contending that the result of this

if7

Ei‘ =

5
2

;

mnu is indeterminate. far as I am aware this contention
not been called in question in the course of the discussion,
Oxford, May 19. A. E. H. Love. °
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Reprojection - General Theory

e We assume that
— f(z) is in L?[-1,1];
— there is a subinterval [a,b] C [—1,1] in which f(z) is analytic;
— there exists an orthonormal family {V;(z)}, under a scalar product (-, -).

e Denote

almost everywhere in x € [—1, 1].

® Denote { = —1+ 27=" such that if a <z <0 then —1 < ¢ < 1.
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Reprojection - Gibbs Complementary

Definition:
The two parameters family {$}(¢)} is called a Gibbs complementary to the family

{Wi(z)} if
(a) Orthogonality

< PR(E), D) (E) >n= -

(b) Spectral Convergence

The expansion of an analytic function ¢(£) in the basis ®}(¢) converges expo-
nentially fast, i.e.

max
—1<£<1

A
96— ¥ <g.0) = 0HO < @ >0

(c) The Gibbs Condition
There exists a number § < 1 such that if A = N then

A
< @MO), Wule(©) =) pax o)< (BT) . k>Ni<ha<t

—1<¢<1 -
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Reprojection

Comments:

e Condition (b) implies that the expansion of a function ¢ in the basis {®}'(£)}
converges exponentially fast if ¢ is analytic in —1 < ¢ < 1 (corresponding to
a <z <b).

e Condition (c) states that the projection of {V;} for large k on the low modes
in {®}, (P}(¢) with small [) is exponentially small in the interval —1 < ¢ < 1.
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Resolution of the Gibbs Phenomenon

Theorem

e f(z) € L?[—1,1] and analytic in [a,b] C [-1, 1].
e {VU;(x)} is an orthonormal family with the inner product (-, -).

o {®}(&)} is a Gibbs complementary to the family {V;(z)} as defined in (a)-(c),
with A = GN.

Then

A A A —qN
max f(x)—l§]<f1v,®z >) Pr(¢(a)) < e q>0.

a<zx<b
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Reprojection

Comment:

e Even if we have a slowly converging series
N
kZ_:O(f, W)Wy ()

it is still possible to get a rapidly converging approximation to f(z) if one can
find another basis function {®} that yields a rapidly converging series to f
as long as the projection of the high modes in the old basis {V} on the low
modes in the new basis 1s exponentially small.
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Gegenbauer Polynomials

e In the following theorem we will use
1

BE) = =ChE
k

where C}(€) is the Gegenbauer polynomial and h; is the normalization factor.
The < -,- >) inner product is defined by

< fg>a= [L(1 = 2f(E)gle) de

If g(¢) be a function with p continuous derivatives then

BN 1
9(6) — X < 9(8),C" > (9] < lgller 7=
k=0

o If g(¢) is analytic then

BN
19(§) — X < g(€), 0N > N (e)| < Ce™

Page 36 of 60



Spectral Accuracy

Suppose now that the family V;(x) provides spectral accuracy that is

e If f(x) has p continuous derivatives then

(£, 0] < Clo) s

= ma [flles

Where
C(p) ~ ¢* for some ¢

Then we have

e Theorem

alN
| < Uy, @) >y 9] < (k)A

The number « is less then unity provided that

e We can summarize:

The Gegenbauer polynomials ®; is the Gibbs complementary to ¥,
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Spectral Accuracy - revised

We thus have a new meaning to Spectral Accuracy:

e If a function f(z) is analytic then its expansion in terms of V; converges expo-
nentially.

e If f(x) is piecewise analytic then the expansion coefficients in terms of V) con-

tain enough information such that an exponentially convergent approximation
can be constructed.
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Robust Gibbs Complementary

e The use of Gegenbauer polynomials is not robust.
e It suffers from numerical round off errors (Boyd, Gelb and Tanner)
e A detailed analysis of parameters was done by Jackiewicz, GGelb and J.

® A more robust method is needed.

e A robust Gibbs complementary basis (Gelb - Tanner)
— For an analytic function the expansion of the function in the new basis
converges exponentially.

— The projection of high modes in the original basis on the low modes in the
new basis is exponentially small.

— As the order . of the original expansion increases the weight function of
the new basis converges to a weight whose associate basis satisfies the first
requirement.
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Robust Gibbs Complementary

FExamples:

[
2

£ -1

)

w = exp

e Freud Polynomials (Gelb Tanner)

w() = e

— For optimality

A= round( ]\f(l)2—a) — 2\/5)

c = Ilne

and ¢ is the machine error.
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Comparsion of Freud and Gegenbauer Reprojection

sy [ 2E9(Er(E +1) — 1~ explm) () ~1) ~1 <7 <}
| —sin(2nz/3 + 7/3) —1<z<1

10° | 10

10—10 L

107 I I \MMMIM - I 7 I E I L

10—10 L

1077 107
107" 10
107 = = lifl
_ -1 08 -06 04 02 0 0.2 0.4 0.6 08 1

e Error plot of the Gegenbauer (left) and Freud (right) reprojection of the func-
tion with N = 64, 128, 256.

Page 41 of 60



Gegenbauer Reconstruction of 3D Image

e Segmentation of Mouse Brain MRI with 256 x 256 x 181 pixel points.
(Source : Southwest Small Animal Imaging Resource, University of Arizona)
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Spectral Filters - Fourier

e Definition:

$55@) = 5 ol fets

K<y N
The function ¢ has to satisfy the Accuracy Condition (Vandeven)
°
c™M(0) = 0,0 n<p
c™(1) = 0 n<p
e Applied efficiently.
e Recovers p_th order accuracy away from discontinuities.

- K
‘f(x) o SNf(x)‘ < d(.flj')p_le_l

Here d(z) is the distance from the discontinuity.
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e Examples: (in all examples |N£| =y )

— Fejer
oly)=1-y
— Raised cosine ()
cos(.Dmy
o(y) 5yl

— Erfc-Log (Boyd)

oly) = serfe <2f(y| - >J i 2)2)

2

— (Vandeven)
2p —1)!

a(y)zl— /Otp M1 —vrtat

— See Scot Sarra’s web page for descrlptlons and Matlab programs.
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Exponentially Accurate Filter (Tanner, Tadmor and Tanner)

e Consider the filter function

Where

0 =+60d,N

— d, defines neighborhood of analyticity around a point x

e Then
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Edge Detections - Tadmor, Gelb and Tadmor

e Most reconstruction methods need the location of jump discontinuities

e We assume that we are given f (k) the Fourier coefficients of a discontinuous
function f(x).

e We will review some of the results, and only for the Fourier case. Many other
methods exist and also for other expansions, as Chebyshev and Legendre.

e Idea: Look at

ue(x) = S f(x)
e Let ¢; be the location of the jump discontinuity with magnitude [f](c;) = f(c])—
f(c5)
e Then

ue(x) — O(]i[) T # ¢
ue(c;) — [fl(¢)
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Edge Detections - Tadmor, Gelb and Tadmor (Cont.)

e Nonlinear Enhancement:

un(z) = N? (ue(z))?

e Then we have

un(x) — O(N_g) T # ¢
un(e;) = [f)(e,)*N?

For more refinements consult Sarra.
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General Theory - Tadmor, Gelb and Tadmor

e Define Concentration Kernels

KS() = —— % a()sinlhy

(i) Ky is odd.
(ii)
/yZO Kn(y)dy = —1+en

(iii) Small first moment
| En(y)w(y)dy ~ exllw|-BV

Then
K+ f(z) = [f](2)] < en.
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Topic not covered

e Most of the results can be carried out for interpolation in Gauss points.
e Inverse Gegenbauer methods (Jung and Shizgal, Pasquetti and more).
e Pade reprojection, (Fornberg, Don Kaber and Min, Boyd)

e Gibbs phenomenon in many other expansions.

e Data coming from a solution of linear hyperbolic equations with discontinuous
initial conditions (Mock and Lax, Osher and Majda, Gottlieb and Tadmor).

e Solutions of nonlinear hyperbolic equations (Lax (2005) showed that there
must be a Gibbs phenomenon for accuracy greater than first order, He also
argued that there is enough information to postprocess high order accuracy).
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Richtmyer-Meshkov Instability

=yoe |

9F ¥

Com putatonalDom ain

e Hugoniot-Rankine condition for the
shock

® Pre-Shock Temperature 7' = 296 K
e Pre-Shock Pressure P = 0.5 atm

e Xenon and Argon density are pyxy. =
2.90 x 107 L3 and pa = 0.89 x 1073 -y

cm3 m3
respectively, at half of the normal at-

mospheric pressure
e Specific heat ratio 7 = g
e Atwood number At = 0.54
e Mach number M = 4.46
e Wave Length A =3.6 cm

e Amplitude a =1.0 cm
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Richtmyer-Meshkov Instability (Cont.)

WENO Third Order WENO Fifth Order

e Density contour plot for the WENO third order (left) and fifth order (right)
finite difference scheme with 1024 x 256 grid points.
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Richtmyer-Meshkov Instability (Cont.)

WENO Seventh Order WENO Ninth Order

e Density contour plot for the WENO seventh order (left) and fifth order (right)
finite difference scheme with 1024 x 256 grid points.
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Richtmyer-Meshkov Instability (Cont.)

WENO Eleventh Order Spectral method

e Density contour plot for the WENO eleventh order (left) and spectral Cheby-
shev collocation method with 1024 x 256 grid points.
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The Nozzle Problem

The Euler system is

p pu a4 [P
pu | + | P+ pu? = _AI ou?
E u(P+FE) ). uw(P + E)
e A = A(x) is the cross area function of the nozzle and A, = %.

e The shape of the nozzle is calculated by the requirement of piecewise linear dis-
tribution of Mach number from M,;, = 0.8 at the inlet to M,,; = 0.46665578743659
at the exit.

e The steady-state solution has a shock at z, = %, halfway across the domain
(the domain is (0, 1)).

e The Mach number just before the shock is M = 1.3 and just after the shock is
M = 0.78595708016148.

e The other relevant quantities are
pin =0.74  u;, =0.8912 P, = 0.6560
Pout = 0.8804  upy = 0.5405 P, = 0.8436
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Nozzle (Cont.)

e The spatial discretization is achieved using a fifth order WENO method (third
order near the shock)with Roe building blocks.

e Steady state is achieved by timestepping (using a third order SSP Runge-
Kutta method) until the residuals go down to machine zero.

e Results

— The pre-shock region maintains high order accuracy away from the shock

— In the post shock region the accuracy is first order.
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Nozzle :

Results (Cont.)

The raw data errors (compared to the exact solution) are:

N [y error [; order | [y error [, order |/, error
600 |1.85E-8 0.86E-5 1.37E-3
800 |1.24E-8 1.39 0.80E-5 1.20 1.09E-3
1000 | 9.82E-6 1.04 7.00E-5 0.29 1.27E-3
1200 | 8.26E-6 0.95 6.55E-5 0.63 1.19E-3
1400 | 7.16E-6 0.93 5.84E-5 0.34 1.27E-3
1600 | 6.20E-6 1.08 5.08E-5 0.65 1.19E-3
1800 | 5.55E-6 0.94 4.79E-5 0.50 1.19E-3
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Nozzle :

Results (Cont.)

The postprocessed data errors (compared to the exact solution) are:

N A m|ly error [ order |/, error [, order |/, error [, order
600 |3 3 |7.00E-5 1.60E-4 8.16E-4

800 |3 4 |2.64E-5 3.8 5.80E-5 3.5 3.33E-4 3.11
10004 5 [1.20E-5 3.5 2.60E-5 3.6 1.66E-4 3.13
12005 6 |[7.19E-6 2.8 1.31E-5 3.7 8.19E-5 3.8
1400/ 6 7 |4.08E-6 3.7 6.17E-6 4.9 4.09E-5 4.5
16006 8 [3.20E-6 1.8 3.97E-6 3.3 1.73E-5 6.46
18007 9 [2.34E-6 2.6 2.53E-6 3.8 8.95E-6 5.57
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Ap.plications to Nanophotonics Problems

Nanophotonics Problems:

*What is nanosystems: We solve the Maxwell’s equations by:
Arrays:of nanopartcles; (1) Use the Fourier method,

*What to study:
1t to study (2) Apply a Gegenbauer Reconstruction

Photonic behaviors of nanosystems.
*What matters:

Incident light wavelength is much bigger (3) Obtain accurate results with less
than the nanoparticle size. cost compared to the FDTD results.

method to the Fourier data,

*What phenomenon do we observe:
Incident fields excite nanoscale fields
and dramatically enhance the fields
close to the surface of nanoparticles.

Numerical Challenges:

*Efficiently resolve surface-enhanced field
interactions as few grid points as possible.

s Accurately represent the fields around the
sharp jumps at the surface of nanomaterials.
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Computational Results

Electric Field Energy Calculations at Timesteps = 8,500 with DT = 1.35E-18
Nanocylinder Radius = 30 nm, Wavelength of Incident Planewave = 340 nin

Fourier Method Gegenbauer Reconstruction Finite-Difference Method
100 100 \ 100
~~
. o + 0 [ .u 0
'
= g ‘ 50
~100 it | _ah
S e e W 100 50 0 50 100 100 -50
Arm
Grid Size = 0.5 nm Grid Size = 0.5 nm Grid Size = 0.1 nm
512 x 512 512 x 512 2,560 x 2,560

Reconstructed result shows a good agreement to the FDTD result on 5 times finer grids.
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Gibbs oscillations are successfully reduced “up to” the surface of the nanocylinder
whereas the finite-difference results shows unreasonable profiles for the fields.
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